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ABSTRACT 
Two non-isomorphic (v, k, ~) designs with v = (1 + q)(1 + q~), k = 1 + q + q* 
A = 1 + q with q an odd prime power are constructed such that the incidence matrices 
can be arranged to be similar. One of the designs is projective 3-space over the field 
of q elements with points as objects and planes as blocks. Moreover, the incidence 
matrices of the two designs are symmetric and for q = 3 correspond to rationally 
equivalent quadratic forms. Finally, for arbitrary qthe collineation groups for the two 
designs are large. 
Let D be the (v, k, ~) design constructed from projective 3-space 
P(3, q) with the points as objects and planes as blocks. We select an 
incidence matrix AD for D as follows: Index the objects of  D, i.e., the 
points of P(3, q). IfX~ is the i-th point of P(3, q) let the i-th block of  D be 
the plane given by (SX~, X) -~ 0 where S is any non-singular skew- 
symmetric matrix over the field of  q elements. Then AD will be symmetric 
with ones on the diagonal. 
In the following theorem the second design is constructed. 
THEOREM 1. Let Q be the quadratic surface in P(4, q) given by 
X1 ~ + XzXz + X4X 5 = O. For each X in Q let B~ be the set of points 
joined to ~ by a line lying in Q and also including X itself. Then a (v, k, A) 
design D* is formed with the points of Q as objects and the B~ , ~ in Q as 
blocks. Moreover, v = (I + q)(1 + q~), k = 1 + q + q~, and A = 1 + q. 
It is clear f rom the definition that B~ is the intersection of  Q with 
the tangent hyperplane through-,Y. That is, a point Yin B~, satisfies 
2x~Y~ + X#s + x,Y~ + x,Y~ + x~Y, = o .  
Y~ + Y~ Y~ + Y, Y~ = O. (1) 
I f  ~" = (0, 0, 0, 0, 1), B~ is the set of  points satisfying )(4 = 0 and 
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)(12 + X2Xn = O. The number of these points is 1 + q + q2. By transi- 
tivity of the orthogonal group on the points of Q, every By contains 
1 +q+qZ points. I fX  and Yare points of Q joined by a line of Q, 
By ^ B~ is the set of points on the line joining them and hence consists 
of 1 + q points. I fX  and Pin Q are not joined by a line in Q, the number 
of points in By ^ B7 is independent of )~ and Y since the orthogonal 
group is transitive on such pairs. From the points J~ = (0, 0, 0, 0, 1) and 
= (0, 0, 0, 1, 0) this number is found, after a short calculation using 
(1), to be 1 + q. The proof is complete. 
From the mapping J~ +-~ By it is seen that the incidence matrix AD, 
for D* is symmetric with ones on the diagonal. 
THEOREM 2. D and D* are non-isomorphic i f the underlying fieM is o f  
odd characteristic. 
In D every three blocks intersect in at least one point. We shall now 
show that, for q odd, D* always contains three blocks whose intersection 
is empty. Let)~ = (0, 0, 0, 1, 0), Y = (0, 0, 0, 0, 1), and Z = (0, 1, a, -1, a). 
Then the points in By ^ B~ ^  B~ satisfy 
I " ,=0,  
Xs=0,  
aX~ + X3 + aX4 - X5 = 0, (2) 
x?  + x~x~ + X, ac 5 = o, 
which becomes X~ 2 -- aX2 2 = 0. There is only the solution X1 = X2 = 0 
if a is not a quadratic residue. 
THEOREM 3. Ao and AD, corresponding to the same q are similar. 
Let A = AD or AD,. Then AA r = A 2 = M + (k -- )~) 1 where J is  the 
matrix of all ones and I is the identity matrix. Multiplying by A we have 
A 3 = AkJ + (k -- ,~)A 
= kA~ + (k  - -  ~) A - -  k (k  - -  a) 
(1 + q + q2) A 2+q2 A _ q2(1 +q+q2)  L 
Thus the eigenvalues of A are 1 + q + q2, and 4- q. If a, b, and c are the 
multiplicities of 1 + q -[- qZ, q, and --q, respectively, they are given by 
the system of equations 
a(1 +q+q2)+bq cq=trA  = (1 +q)(1 +q~), 
a(1 + q-/q2)2 + bq2 + cq~ = tr A s = (1 + q + q2)(1 + q)(1 + q2), 
a(1 +q+q2)3+bqa- -cqa~ t rA  a 
= [(1 + q)(1 + q + q2) + q2]( 1 + q)(l + q~), (3) 
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whose solution is 
a :  1, b : (1 +q)~q.  and c= (1 +q2)  q 
2 ' 2 
Thus A~, and Ao are symmetric matrices each similar to the same 
diagonal matrix. 
It might also be noted that the collineation groups of  the two designs 
are large, being the four-dimensional linear fractional group for D and the 
five-dimensional orthogonal group for D*. 
The case q = 3 with v = 40, k = 13, and )t = 4 was investigated on 
a digital computer and it was determined that the corresponding Ao and 
AD, are rationally equivalent. 
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